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A new variant of the packet analysis to solve the tunneling time problem for
the so-called completed elastic scattering (a potential barrier of an arbitrary form
is located in the nite spatial interval) is presented. In particular, we propose
an explanation of the "paradoxes" of wave packet tunneling, and elaborate a rule
enabling one to extract the tunneling times for a particle from the analysis of tun-
neling the corresponding wave packet. It is shown that the quantum ensembles of
transmitted and reflected particles are statistically independent not only after the
scattering but also before this event. We nd the corresponding counterparts for
the transmitted and reflected packets, which describe separately both scattering
channels at early times, and dene the expectation values of delay times for each
channel. Besides, to describe jointly all particles at the stage when they cannot
be divided into two independent subensembles, we nd the scattering time taking
into account broadening the packets. We derive the condition to be satised for
the completed scattering. The times above are dened in terms of the well-known
quantum-mechanical averages for the position and wave-number operators.
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Introduction
For almost a century the traditional quantum mechanics (TQM) based on the Schro¨dinger
equation have served as a powerful tool of researching various physical phenomena of
atomic and subatomic scales, showing, in this way, the validity of its own foundations.
However, despite its respectable age, this theory remains to be understood in many re-
spects. As is known, so far some physical phenomena predicted by quantum mechanics
have not been given a proper explanation on its basis. The main reason for this is that the
TQM’s concepts are quite dierent from the classical ones, giving rise to various interpre-
tations of quantum mechanics itself. An example of this is the well-known tunneling of
particles through potential barriers. So, a numerical modelling [1, 2, 3, 4] of this process
carried out on the basis of the one-dimensional Schro¨dinger equation (OSE), revealed two
features which proved to be inexplicable from the viewpoint of the present-day knowledge.
Firstly, it is known that in classical mechanics the asymptotic values of a particle veloc-
ity, before and after the elastic scattering, must be the same. However, in tunneling, the
mean value of a particle velocity at large times, taken separately over the transmitted and
reflected wave packets, dier in the general case from that for the incident packet at early
times. This property of packets is seen as a paradoxical one; it is usually treated [3, 4] as
the acceleration of a particle by a static potential barrier. Secondly, the center-of-mass of
the transmitted packet was found to appear behind the barrier before arriving that of the
incident packet at the barrier region. In addition, the farther is, at the initial time, the
center-of-mass of the incident packet from the barrier, the larger is the outstripping of
the transmitted packet. Such a behaviour of the transmitted wave packet is interpreted
[3, 4] as the violation of the causality principle.
No explanation has been proposed so far in the TQM for these two paradoxes. There-
fore a supposition was made (see, for example, [4]) that the wave packet analysis cannot
provide a proper description of tunneling particles. In this connection it is important to
understand the grounds of the above interpretation of the wave packet tunneling. They
consist, from our viewpoint, in the following. Note that a particle, in this process, is
asymptotically free before and after scattering. But it is for free particles that quantum
mechanics provides the (correspondence) rule which may be used to nd the position of
a moving particle from the analysis of dynamics of the corresponding wave packet. I.e.,
in quantum mechanics, a moving particle, when it is free everywhere in space, is associ-
ated with the center-of-mass of the corresponding wave packet (they move with the same
velocity). It is in fact this rule that was used, without corrections, in the known packet
analyses [1, 2] to dene the tunneling times for a particle. It is also implicitly used for
interpreting data of the numerical modelling of the tunneling process. As a result, the
above "paradoxes" were carried over to particles, giving the tunneling process completely
nonphysical properties.
For the last decade the search for reasonable denitions for the particles’ tunnelling
times was usually carried out beyond the scope of the initial setting of the tunneling
problem. In a number of papers the tunneling process was studied with use of the Feinman
path-integrals, as well as on the basis of the so-called Bohmian (causal) trajectories (e.g.,
see [5, 6]). Other researchers (e.g., see [7]) attempted to construct the so-called time-of-
arrival operator. In the third group of works (e.g., see review [4]), the main formalism of
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the TQM is not revised, but setting the problem diers here from the initial one. Namely,
the original potential is changed either by a weak magnetic eld or by a small temporal
modulation. Lastly, we want to point out the papers (e.g., see [8, 9]) developing the
concepts of the "sojourn" and dwell times for symmetrical potential barriers.
The aim of our paper is not a detailed critical analysis of these works. We want only to
pay reader’s attention to the following two aspects of the problem at hand. First, in these
approaches as well as in the well-known packet analyses, both the correctness of some
steps and especially the interpretation of their results are not always transparent. This
fact evidences that the given problem is indeed very involved. In such cases development
of all possible alternative ways is very important for solving the problem. Therefore, of
more importance for us is to point out to the second aspect: none of these approaches
explains the above "paradoxes". But such an explanation we think is of great importance
in solving the tunneling time problem. To dene the tunneling times separately for the
transmitted and reflected particles, we have to know the time evolution of the mean
position of particles for each scattering channel not only at large times, but at early times
as well. This means, in turn, that we have to adapt the above correspondence rule for the
case of non-free (tunneling) particles. The main diculty to arise on this way is that the
TQM deals with whole quantum ensembles rather than with their subensembles. In our
previous papers [10, 11], we proposed the idea of solving this problem. However, some
aspects of the above solution remain to be corrected and developed. Therefore, here we
return to this problem. Besides, in this paper we investigate the role of widening the wave
packets. This question is of great importance: it is not evident that the transmitted and
reflected packets at large times are located in the disjoint spatial regions. Some interesting
results concerning the asymptotic behaviour of simple scattering systems are obtained in
([12, 13]). In the framework of the tunneling time problem this question remains to be
unclear in details.
Our paper is organized as follows. In Section 1 we formulate the problem for the
so-called completed scattering when a particle at the initial time is described by a well-
localized wave packet. In the second section we reconsider the tunneling times obtained in
the previous packet analyses [1, 2, 3] to show the untness of these denitions for particles.
Our original proposals are presented in the subsequent sections. In particular, in Section
3 we show that both scattering channels, that is the subensembles of transmitting and
reflecting particles, are statistically independent not only after scattering, but also before
it. We nd here the corresponding counterparts for the transmitted and reflected packets,
which describe separately both scattering channels at early times. Using the packets
obtained, in Section 4 we dene the delay times for each channel. To describe jointly
all particles at the stage when they are influenced by the barrier, and hence cannot
be divided into two independent subensemles, in Section 5 we nd the lower bound of
the expectation value of the scattering time (that is, the duration of scattering itself).
Besides, we propose here a more correct denition of the scattering time, which takes
into account the packet widening. We nd here the condition of completeness of the
scattering event. Some properties of the above times are presented in Section 6 on the
example of tunneling the Gaussian wave-packet. The asymptotics of the mean values of
the coordinate and wave-number operators as well as their mean-square deviations are
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presented in Appendix.
1 Setting the problem
Let us suppose that a particle moves from the left toward a time-independent potential
barrier located in the spatial interval [a, b] (a > 0); d = b− a is the width of the barrier.
We also suppose that the particle’s state at t = 0 is described by a wave function Ψ0(x)
belonging to S1, where S1 is the set of innitely dierentiable functions which vanish,
as jxj ! 1, faster than the power function. The Fourier-transforms of such functions
are well known to belong to the set S1 as well. This fact guarantees the coordinate and
wave-number operators to be well-dened, because for such functions there exist mean
values for any power of these operators. Besides, one may hope the scattering process for
initial states from S1 to have nite duration in spite of widening the packets.
We suppose that < Ψ0jx^jΨ0 >= 0, < Ψ0jp^jΨ0 >= hk0 > 0; the wave-packet half-width
at t = 0 is denoted by l0 (l
2
0 =< Ψ0jx^2jΨ0 >); x^ and p^ are the operators of the particle’s
coordinate and momentum, respectively. We suppose further that a >> l0. In order to
describe the tunneling process in the framework of the packet analysis we have to solve
the Couchy problem for the OSE. For this purpose, we use the transfer matrix method
[14].
For the region situated to the left from the barrier, the solution describing incident
and reflected waves may be written as











for x > b a sought-for solution represents a transmitted wave,




T (k) exp[i(J(k)− kd)].
Here E(k) = h2k2/2m; T (k) (the real transmission coecient) and J(k) (phase) are even
and odd functions of k, respectively; F (−k) = pi − F (k).






[finc(k, t) + fref(k, t)] exp(ikx)dk (3)
for x < a, where
finc(k, t) = c A(k; k0) exp[−iE(k)t/h],
4







ftun(k, t) exp(ikx)dk (4)
for x > b, where
ftun(k, t) = φtun(k)finc(k, t).
The weight function A(k; k0) is found from the initial condition. Both Ψ0(x) and A(k; k0)
belong, according to this condition, to S1; c is a normalization constant. In particular,
for Ψ0(x) describing the Gaussian wave packet peaked about x = 0 at t = 0 we have
A(k; k0) = exp (−l20(k − k0)2).
Note that solutions (3) and (4) represent wave packets moving in the out-of-barrier
regions. Expression (4) describes here the transmitted wave packet. Solution (3) consists
of the incident packet whose center-of-mass at t = 0 is situated at the point x = 0, and of
the reflected one which arises only after the arrival of the incident packet at the barrier
region. In the case of Gaussian wave packets this property is well known (e.g., see [1]). In
the general case this property may be seen from comparing the position of the center-of-
mass of the incident and reflected packets (see (61) and (63)). We see the location of the
reflected packet to depend essentially on the phase shift 2ka. Due to this shift the motion
of the center-of-mass of the reflected packet takes place in such a manner as if it started at
the point 2a (of course, there are also phase shifts due to the barrier influence; however,
these shifts do not depend on the parameter a, and become negligible when a increases).
It is for this reason that the expansion of Ψ0(x) in the Hamiltonian eigenfunction in this
problem coincides with its Fourier series. Of course, due to the innite "tails" of these
packets there is no exact coincidence in this case. However, it is clear that the larger is
the value of a, the smaller is the error introduced in the packet analysis for the above
packets.
Further it is convenient to turn to the k-representation. Of course, in the general case,
there is no advantage to solve the OSE in this representation. At the same time, one
can show that the asymptotical behaviour of the packets is described in k-space by the
functions finc(k, t), fref(k, t) and ftun(k, t) (see (3) and (4)). A detailed description of
these packets in the k-representation is presented in Appendix.
As it follows from Appendix (see (52), (54) and (55)), for the completed scattering





jfinc(k, t)j2dk = 1 (5)











jftun(k, t)j2dk = T ; (7)
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for the suciently large times. Here T and R are the mean values of the transmission and
reflection coecients for the corresponding subensembles of particles: T =< T (k) >inc;
R =< R(k) >inc; angle brackets denote averaging over a wave packet (see (50)).
Now, having supposed conditions (5)-(7) to be satised, we might proceed to dening
the temporal characteristics for the completed scattering in the case of an arbitrary po-
tential barrier. However, before new denitions are presented, it is useful to return to the
familiar packet analysis.
2 The "paradoxes" of wave packet tunneling
Notice that the denition of the transmission (reflection) time for a particle was obtained
in [1, 2] from the analysis of the relative motion of the center-of-mass positions of transmit-
ted (reflected) and incident packets. In fact, these approaches made the correspondence
rule extended to scattering particles. For the following we have to perform this analysis
once more. The only dierence is that we will use here the transfer matrix method [14].
As was shown in Appendix, the mean values of the x^-operator taken over these packets
are given by expressions (see (61) - (63))
< x^ >inc (t) = m
−1hk0t, (8)
for the suciently early times; and
< x^ >tun (t) = m
−1h < k >tun t + d− < J 0 >tun, (9)
< x^ >ref (t) = −m−1h < −k >ref t + 2a+ < J 0 − F 0 >ref (10)
for the suciently late times. Remind (see Appendix) that, the prime denotes the deriva-
tive with respect to k; k0 =< k >inc.
Let Z1 be a point situated at a distance of L1 (L1 < a) from the left boundary of the
barrier, and Z2 be a point situated at a distance L2 from its right boundary. To obey
conditions (5) - (7), we suppose that L1  l0 and L2  l0. Let us dene now the time
spent by the center-of-mass of the tunneling packet to overcome the space (Z1, Z2), and
also the time spent by the reflected packet to arrive at the barrier region from the point
Z1 and return to the starting point.
Let t1 and t2 be such instants of time that
< x^ >inc (t1) = a− L1; < x^ >tun (t2) = b + L2. (11)
Considering (8) and (9), one can write then the transmission time ttun (ttun = t2− t1)


















For the reflected packet, let t1 and t3 be such instances of time that
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< x^ >inc (t1) =< x^ >ref (t3) = a− L1. (13)
From equations (8), (10) and (13), it follows that the reflection time tref (tref = t3−t1)





< J 0 − F 0 >ref +L1











Notice that the average values of k for all three wave packets are the same only in the
limit l0 ! 1 (that is, for particles with the well-dened k). In the general case, these
quantities are not equal. It is this (asymptotic) property of the wave packets that was
treated in ([4]) as the acceleration (or retardation) of a particle in the tunneling process.
It easy to check (see (57)) that the relationship
T  < k >tun + R < −k >ref= k0. (15)
is valid.
As is seen, times (12) and (14) cannot serve as the tunneling parameters of a particle.
Because of the last term in (12) and in (14), these quantities depend essentially on the
initial distance between the wave packet and barrier. These contributions are dominant
for suciently large distance a. In addition, one of these terms, either in (12) or in (14),
is always negative. As a rule, it takes place for the transmitted wave packet (for example,
for rectangular barriers in the case of the under-barrier tunneling). Numerical modelling
shows the premature appearance of the center-of-mass of the transmitted packet on the
far side of the barrier. That is, this packet seems to pass through the barrier with violation
of the causality principle. As it was assumed in the previous packet studies (see [1, 3]),
this eect must disappear in the limit l0 ! 1. A simple analysis, however, shows that
the last term in (12) and (14) remains to be dominant in the limit l0 ! 1, if the ratio
l0/a is xed. Note that the limit l0 !1 with a being xed is unacceptable for us because
it comes into contradiction with the initial condition a  l0 which must be valid for the
completed scattering.
In our opinion, so strange behaviour of the wave packets in no way means that the
TQM failed to describe properly the particle tunneling. This only means that we have to
adapt the above correspondence rule to dene each scattering channel.
3 On statistical independence of quantum subensem-
bles of transmitted and reflected particles
According to the conventional interpretation, quantum mechanics describes the tun-
neling process statistically, that is, it deals with the innite number of measurements in
which a scattering particle (being in the same quantum state) either passes trough the
barrier or is reflected from it. In this case the incident wave packet describes the whole
set of the measurements. At the same time, both the transmitted and reflected packets
describe only a part of this set.
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In other words, quantum mechanics describes the ensemble of scattering particles
(specied by the same wave function), rather than one particle. In this case, the incident
packet describes a whole ensemble of particles, but the transmitted and reflected packets
do only its parts. It is for this reason that comparing the position of the center-of-mass
of the transmitted (or reflected) packet with that of the incident packet is meaningless
when one attempts to determine the transmission (or reflection) time. The motion of
the latter may be compared only with a packet representing the superposition of the
transmitted and reflected ones. In this case, both the initial and nal states describe the
same number of measurements. A similar requirement must be fullled also when each
scattering channel is considered individually. It means that we must nd such packets, if
any, which would describe separately both channels at the initial times. And only these
packets might be used then in dening the transmission and reflection times.
Note that Hauge and co-workers [1, 3] (see also [16]) recognized the necessity to con-
struct an "eective" incident packet which would play the role of the counterpart to the
transmitted packet. However, as far as we know, the basis for this step remains so far to
be elaborated.
Of course, for all scattering stages such individual description of both channels is
impossible. For a wave function in quantum mechanics is known to describe the whole
quantum ensemble, without dividing it into subensembles of transmitted and reflected
particles. In particular, particles moving in the barrier region cannot be identied as
transmitted or reflected ones. However in the case of the completed scattering, when
scattered, they prove to fall into two statistically independent subensembles. It is for
this reason that we may speak about two scattering channels in this problem. As regards
the stage preceding the scattering event, there is no grain of evidence to suggest the
channels to be independent at this stage: the wave function in this case represents the
incident packet alone, without dividing particles into diering classes. It is this property
of the wave function that makes the individual description of both scattering channels very
involved. Nevertheless, in this paper we show that in this problem the scattering channels
are statistically independent before the scattering as well. Besides, we nd corresponding
counterparts for the transmitted and reflected wave packets, which represent at this stage
subensembles of particles to be transmitted and to be reflected.
In order to nd such packets, let us write down the incident packet as follows,
finc(k, t) = f
tun
inc (k, t) + f
ref






T (k)  finc(k, t); (16)
f refinc =
√









 finc(k, t). (18)
It is easy to check that the functions f tuninc and f
ref
inc obey the relations
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< f tuninc jf tuninc > + < f refinc jf refinc >=< fincjfinc > . (19)
< f tuninc jf tuninc >=< ftunjftun >, < f refinc jf refinc >=< fref jfref >; (20)
< k >tuninc =< k >tun; < k >
ref
inc=< −k >ref ; (21)
< x^ >tuninc (t) = m
−1h < k >tuninc t; (22)
< x^ >refinc (t) = m
−1h < k >refinc t. (23)
As is seen, there are no terms with f intinc , and the interference ones in (19). The
interaction of the incident packet with the packet composed of the reflected waves may
be neglected at this stage, because the latter should arise only on arriving the incident
packet at the barrier region (see Section 1). Thus, well before the scattering, the incident
packet does describe two statistically independent subensembles of particles. Relations
(20) suggest that at this stage scattering of the subensemble of particles to be transmitted
should be described by f tuninc (k, t). Another subensemble, consisting of particles to be
reflected, should be described by f refinc (k, t). For each subensemble, both the number of
particles (see. (20)) and the mean value of k (see (21)) should be the same before and
after the scattering. At t = 0 both packets should be peaked, in accordance with the
initial conditions of this problem, about the point x = 0 (see (22) and (23)). Using (16)
and (17), one may show that
T  < k >tuninc + R < k >refinc = k0. (24)
that is, the total mean value of k found for both subensembles coincides with k0 at this
stage.
So, for both subensembles the mean particle’s velocities prove to be dierent before
the scattering. However, this fact does not at all mean that particles "feel" the barrier at
this stage. Such a suggestion, from our point of view, may arise only beyond the statistical
interpretation of quantum mechanics (in this connection, the problem at hand serves as
a good trial for the various interpretations of this theory). A proper explanation of this
fact may be obtained if one considers quantum mechanics as a statistical theory. As was
said, the property above relates to the subensembles of transmitted or reflected particles
(and hence, to the corresponding subsets of measurements) rather than to one particle
(transmitted or reflected). All the relations derived here may be checked only after all
the necessary measurements to have already been made and treated. The probes used
for examining the scattering channels as a statistically independent, must be placed far
enough from the barrier (see also below).
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4 Delay times for the subensembles of transmitted
and reflected particles
According to the above reasoning, we now redene the transmission time τtun spent
on average by transmitting particles in the interval Z1Z2. For this purpose we calculate
the dierence of the instants t2 and t1 to satisfy the equations




h < k >tun
(< J 0 >tun +L1 + L2) . (26)
The reflection time, τ
(−)
ref , is dened now as the dierence t3 − t1 where
< x^ >refinc (t1) =< x^ >ref (t3) = a− L1. (27)





h < −k >ref (< J
0 − F 0 >ref +2L1) . (28)
As was stated in [14, 17], the sign of F 0 should be changed for waves moving to the
barrier from the right (for the rest, the tunneling parameters remain the same). Note,
this case is analogous to that in which a wave moving from the left is scattered by the
initial barrier inverted about the midpoint (a + b)/2. The corresponding reflection time,
τ
(+)





h < −k >ref (< J
0 + F 0 >ref +2L1) . (29)
Expressions (26) and (28) have no drawbacks inherent in times (12) and (14). In addition,
the conservation laws for the number of particles (see (20) and for the wave number of k
(see 21)) guarantee the center-of-mass of the transmitted packet to appear to the right
of the barrier only after the arrival of the center-of-mass of the corresponding incident
packet at the barrier region.
From the recurrence relations for the tunneling parameters (see [17]), it follows that
F 0 = 0 for symmetrical barriers (when inverted, such barriers are not changed). In this





ref (0) = τtun(0, 0).








ref = τref(0)) in expres-
sions (26) and (28) cannot be treated as the transmission and reflection times, respectively.
These expressions become meaningless when L1 = 0 or L2 = 0. These times do not de-
scribe the measurements in which the probes are positioned at the boundaries of the
barrier. As was pointed out above, such a placement provides neither a reliable identi-
cation of the centers of mass of the packets, nor a reliable identication of transmitted
and reflected particles. Conditions (5) - (7) are not satised in this case.
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Note that times (27) - (29) do not t to describe the influence of the barrier on a
particle. They include contributions of the out-of-barrier regions. Delay times are more
suitable for this purpose. To dene these times, we have to take into account that the mean
velocity of free particles for each scattering channel should coincide with the asymptotic
mean velocity of scattering particles (remind that these quantities for transmitted and
reflected particles are dierent). In particular, for the transmitted particles the delay
time, τ tundel , can be written as
τ tundel =
m
h < k >tun
(< J 0 >tun −d) . (30)
To dene the delay time τ
(−)
del for the reflected particles, we assume that the distance
passed by a free particle in the barrier region equals, as well as in the previous case, to





h < −k >ref (< J
0 − F 0 >ref −d) . (31)





h < −k >ref (< J
0 + F 0 >ref −d) (32)
(note that these times do not depend on the initial distance between the incident packet
and barrier).
We have to stress once more that both the transmitted and the corresponding free
particles move with the same mean velocity beyond the scattering region. Nevertheless,
after the scattering the former lags (or leaves) behind the latter by a distance < J 0 >tun
−d. For reflected particles such a delay (or outstripping) is given by < J 0 − F 0 >ref −d
(or < J 0 + F 0 >ref −d, for the inverted barrier). The following two reasons may be
responsible for this delay. One of them is connected to the acceleration of particles in
the scattering region. Another possible reason is the changing of the eective path (for
example, because of oscillations which may occur here) passed by particles in this region.
Both of these eects, for both kinds of particles, are described, in this formalism, by the
corresponding barrier eective widths < J 0 >tun and < J 0 − F 0 >ref (or < J 0 + F 0 >ref).
In the general case they are not equal to the barrier width d.
It is not surprising that the delay time may be negative by value. For this case the
classical analogy with the elastic scattering of a particle on a static repelling or attractive
force center is suitable. In both cases an asymptotical particle’s velocity is the same
before and after scattering. However, in the rst case, the scattering particle should lag
behind the corresponding free particle (the latter moves with a constant velocity along
the trajectory being the asymptote for the scattering particle). And, in the second case
it should outstrip the free particle.
This analogy suggests that in the tunneling problem the delay (or outstripping) times
derived for both scattering channels may be treated as a result of accelerating a particle
in the scattering region. In the simplest case of delay, the initial mean velocity of a
particle should, rstly, decrease and then return to the previous, asymptotic value. In the
simplest case of the outstripping, the acceleration of a particle should take place in the
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inverse order. Of course, we have to remember that this reasoning is qualitative, because
particles in the barrier region cannot be identied as transmitted or reflected ones.
5 The eective length and time of scattering
Notice that the delays in time determined above are accumulated during the whole scat-
tering process. Therefore, in addition to the delay times, there is the necessity to nd the
duration of this process. It is obvious that this characteristic cannot be dened individ-
ually for each scattering channel, because it should describe the very stage of scattering
when particles cannot be identied as either transmitted or reflected ones. At present,
to nd time characteristics for the whole quantum ensemble of particles, an accepted
practice is to average the corresponding times over both scattering channels (see reviews
[3, 4]). However, the quantum formalism admits the averaging procedure only for a
physical quantity whose operator is Hermitian. As is known, there is no time operator in
quantum mechanics. Therefore, this way to dene time characteristics for the whole quan-
tum ensemble is questionable. As regards to the particle’s coordinate and wave number
operators, such a procedure is valid for them.
First of all, to describe transmitted and reflected particles jointly, we can introduce
the eective barrier width, deff , |
deff = T  < J 0 >tun + R < J 0 − F 0 >ref .
Using (3) and (4), it is easy to show that this expression may be reduced to the form
deff =< J
0 − RF 0 >inc (33)
(or deff =< J
0 + RF 0 >inc, for the inverted barrier).
We have to emphasize that deff gives only a part of the distance passed, on the
average, by a particle under the influence of the barrier. It results from the fact that wave
packets are stretched objects. Therefore, the eective scattering length should include
both the eective width of the barrier and the width of the scattering packet. As will be
seen from the following, for suciently narrow wave packets in k space we may ignore the
packet’s widening and may suppose that the packet experiences a noticeable impact of the
potential barrier when its center-of-mass moves in the region [a−l0, b+l0]. We may expect
that in this case conditions (5) - (7) will be satised with a sucient accuracy. Then the
eective scattering length, lscatt, for the whole quantum ensemble may be written in the
form
lscatt = 2l0 + deff = 2l0+ < J
0 − RF 0 >inc .
Taking into account that both the scattering length and the mean velocity for the






0 >inc − < RF 0 >inc) . (34)
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The last term in (34) is nonzero only for asymmetrical potential barriers (see above).
For the corresponding inverted barrier this term has an opposite sign.
We have to stress that the scattering time cannot be treated as a time spent by
a particle in the barrier region. This is well seen, for example, in the case of the δ-
potential. It is evident that a particle spends no time to stay in such a barrier region.
However, as is seen from expression (34), the time of interaction of a (quantum) particle
with the δ-potential is not equal to zero. Again, this example reminds us that quantum
mechanics deals with ensembles of particles (or with a corresponding wave packet) rather
than with one particle. The phrase "a particle moving in the barrier region" loses here its
initial, classical sense. It is more correctly to speak here about "the quantum ensemble of
particles moving in the barrier region". The case of the δ-potential shows explicitly that
a particle experiences the barrier even though the probability to nd the particle in the
barrier region equals to zero. Of more importance is the fact that in this case there is the
time interval (τscatt) for which the probability to nd the particle crossing the barrier is
appreciable. It is obvious that this probability is negligible only when the particle moves
beyond the scattering region.
The above said means that the measuring probes (and, of course, the source of par-
ticles) must be positioned at least beyond the interval [a − l0, b + l0]. It is only in this
case that we may expect that the readings taken from these probes obey (statistical)
relationships (19) and (24).
The advantage of the above expression is the simplicity of its derivation. However,
as it will be seen from the following, it is valid only for packets being suciently narrow
in k space. In the general case we have to take into account the broadening of packets.
Therefore, let us redene the scattering time to allow for this eect.
Let t1 be the instant of time at which the distance between the center-of-mass of the
incident packet and the left boundary of the barrier is equal to the half-width of this
packet. An equation to determine this instant may be written in the form
(a− < x^ >inc (t1))2 =< (δx^)2 >inc (t1). (35)
Besides, let t2 be the instant of time at which the mean distance between the centers of
masses of the transmitted and reflected packets, and the corresponding nearest boundary
of the barrier is equal to the mean half-width of these packets. Then, using notations
introduced in Appendix (see (66) and (74)), we obtain the equation
S2tun+ref(t2) =< (δx^)
2 >tun+ref (t2). (36)
Either of these two equations has two roots. Before the desired ones are selected, note
that for a free particle equation (36) coincides at b = a with (35). It is obvious that in this
case t1 and t2 are, respectively, a smaller and a larger root of this equation. Therefore,









2 − l20) < (δk)2 >inc
k20− < (δk)2 >inc
; (37)






bk0 − χ +
√
l2k20 + χ
2 − 2k0bχ + (b2 − l2) < (δk)2 >tun+ref
k20− < (δk)2 >tun+ref
(38)
(see (74)-(77)).
The scattering time τscatt taking into account broadening the packets may be dened
then as the dierence t2 − t1. This quantity is well dened if the condition
k20 > max(< (δk)
2 >inc, < (δk)
2 >tun+ref) (39)
is satised. Otherwise, the transmitted and reflected packets overlap due to their broad-
ening at t ! 1. In such a case, the scattering process, having started once, never
completes.
Expressions (37), (38) are simply analyzed in the two limiting cases, when l0 ! 1
and when l0 ! 0. In the rst case l  l0 and k20  max(< (δk)2 >inc, < (δk)2 >tun+ref).
Thus, the broadening eect may be neglected for wave packets which are narrow in k-
space. It is the very case when for τscatt more simple expression (34) may be used. In the
second limit, the contribution of high-energy harmonics into the incident packet increases
to innity, and, as a result, T ! 1, < J 0 >tun! d and < F 0 >tun! 0. The motion of
such a packet is free. However, this packet never leaves the barrier region because of its
broadening. Condition (39) is violated since < (δk)2 >inc l−20 in this limit.
To analyze the intermediate case, let us introduce the time instants t1 and t2 such
that < x^ >inc (t1) = a and Stun+ref(t2) = 0. By using (66), one can easily show that
t2 − t1 = mdeff
hk0
.
The analysis of both the limiting cases, and numerical calculations made below for Gaus-
sian wave packets show that this dierence may be negative only for packets being narrow
in k space. Besides, considering (37), one can show that
h
m
(t1 − t1) =
k0
√
a2 < (δk)2 >inc +l20(k
2
0− < (δk)2 >inc)− a < (δk)2 >inc
k0 (k20− < (δk)2 >inc)
.
This dierence is positive when condition (39) holds. It is more dicult to show explicitly
that t2 < t2. However, one should note that the combined mean-square deviation <
(δk)2 >tun+ref is positive (see expression (69) - (73)) at any time and, hence, at the
instant t2 when Stun+ref = 0. This means that under condition (39) the instant t2 should
always follows the moment t2. Thus, the hierarchy of time instants, t1 < t1 < t2 < t2
must be, as a rule, valid showing thereby that the scattering time τscatt is a well dened
time characteristic. The only violation of the inequality t1 < t2, taking place in the limit
l0 ! 1, leaves the inequality t2 > t1 valid. It follows from the fact that jdeff j  l0 in
this case; the scattering time is accumulated practically in the spatial regions [a − l0, a]
and [b, b + l0].
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6 An example: tunneling the Gaussian wave packet
through rectangular barriers
To exemplify the above, let us consider rectangular potential barriers, and investigate
in details the tunneling parameters of a particle whose initial state is described by the
Gaussian wave packet (GWP). The weight function A(k) in (3) is dened in this case by
the expression
A(k) = exp(−l20(k − k0)2).
All numerical calculations are made here on the basis of [14] (see also [11]) for dimen-
sionless quantities. Let us dene them with help of the expressions
λ0 =

λ0 d, l0 =










where V is the potential, t is the time, λ0 = 2pi/k0.
To clear up the role of the spatial localization of a tunneling particle, let us consider
the main features of the l0-dependence of the tunneling parameters for the particular
cases when

V = 30 and

V = −1; λ0= 5. Note that in the limit w ! 0 (w = 1/

l 0) the
tunneling parameters describe a particle with the well dened energy (A(k) = δ(k) in this
case). Corresponding tunneling times (26), (28) coincide with the well known "phase"
times. For w 6= 0, when the width of the barrier is comparable by value with that of
the incident packet in x-space, the character of scattering may be changed signicantly.
The point is that the contribution of high-energy harmonics into the GWP, for which
the barrier is more transparent, increases together with w. As a result, the transmission
coecient increases as well (see Fig. 1). The most increase takes place in the domain
0  log(w)  2. For a many-barrier structure, monotonicity of T (w) may be broken if
there are single-wave resonances near the point E0 (E0 = E(k0)). However, in any case,
T ! 1 in the limit l0 ! 0 irrespective of the barrier’s shape and value of k0.
As was pointed out above, in the general case, at the stages preceding and succeeding
the scattering, the mean wave-number of transmitted particles diers from that of reflected
particles. One can show that for the GWP
< k >tun= k0 +
< T 0 >inc
4l20 < T >inc
; (40)
< −k >ref= k0 + < R
0 >inc
4l20 < R >inc
. (41)
Supposing that
< k >tun= k0 + (k)tun, < −k >ref= k0 + (k)ref ,
we can rewrite relations (40) and (41) in the form





Note that R0 = −T 0. The rst equation in (42) yields the conservation law for the mean
value of the wave-number. As was pointed out (see (15)), it must be valid for any wave
packet.
Let us also derive several useful correlations for the mean-square deviations of the k^
operator. Using the relations between < k2 >inc, < k
2 >tun and < k
2 >ref (see Appendix),































Here, since < (δk)2 >tun+ref> 0 the expression in parenthesis must be positive too. In
the limit l0 ! 1 this property is obvious. When l0 ! 0 this inequality means that
< T 0 >2inc! 0 more rapidly than the expression l20 R. It is well expected property of the
GWP since T 0(k) is an odd function. Besides, as it follows from (43), for the GWP
< (δk)2 >tun+ref is smaller than < (δk)
2 >inc .
Fig.1 shows the ratios of the mean wave numbers of the transmitted and reflected
packets to that of the incident packet versus w for the rectangular barriers under consid-
eration. As is seen, for particles with a well dened wave number or coordinate, the mean
wave numbers of the transmitted and incident packets are the same. In the rst case this
is explained by the fact that the incident packet consists, actually, of a single harmonics.
But in the second case this property results from the fact that such a particle passes the
barrier without reflection. In the domain 0  log(w)  2 a situation arises when the con-
tributions of the transmitting and reflecting waves become equal. The most distortion of
the packet’s shape takes place in this case, and the mean wave number of the transmitted
packet exceeds maximally that of the incident packet. If there are resonances near E0, the
dependence of these quantities on w become more complicated. In particular, the mean
velocity of the transmitted packet may be smaller than that of the reflected one.
Now we address to the eective barrier widths hJ 0itr and hJ 0iref . As is known (e.g., see




2(κ2 − k2)k2κd + (k2 + κ2)2 sinh(2κd)




2m(V0 − E)/h2, E < V0;
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J 0 =
2(κ2 + k2)k2κd− (k2 − κ2)2 sin(2κd)
κ[4k2κ2 + (k2 − κ2)2 sin2(κd)] , (45)
where κ =
√
2m(E − V0)/h2, E  V0.
This enables us to explain the numerical data obtained for hJ 0itr and hJ 0iref . As is seen
from Fig. 2, both quantities are equal only for particles with well dened wave numbers.
It is important that in the limit w ! 1 the eective barrier width for a transmitting
particle equals to d. This is valid for any barrier, and explained by the fact that the mean
energy of particles, in this limit, increases innitely (such a particle tunnels through the
barrier without reflection). Besides, using (45), one can show that J 0(E) ! d as E !1.
As is known, the "phase" tunneling time may be negative. In this case the correspond-
ing eective barrier width should be negative too. For example, as it follows from (45),










is valid for κd  1. This value is obviously negative for E < jV0j/2. In particular, this is
the case for the particle with

λ0= 5 coming over the well of depth j

V j = 1 (see Fig. 3).
In this case delay times (30) - (32) are negative as well. However, our calculations have
shown that the delay is small for such particles. For example, in the limit w ! 0 the
eective barrier width for the transmitted particles is negative but l0  jhJ 0itrj in this
case. At the same time, when w !1 this quantity become positive and then approaches
d.
In this connection, it is interesting to consider the case of the under-barrier tunneling
providing that the wave packet width is xed while the barrier width increases. It is the
very case which is usually presented in literature (e.g., see [3, 18, 19, 20]) with aim to
exemplify the superluminal propagation of particles in tunneling which supposedly takes
place in this case.
It follows from (44) that for E < V0 and κd  1,
J 0  κ−1,
that is, the eective barrier width for a particle with the well-dened energy (A(k) = δ(k))
does not depend on d in this case. At rst glance, this property is inherent also to the
GWP whose width l0 may be however small but not equal to zero. A simple analysis
shows that the width hJ 0itr becomes positive for a suciently large d and then increases
together with d. Such a behaviour results from the fact that the wider the barrier, the
larger is the contribution of waves whose energy exceeds V0 into the transmitted packet
(the waves whose energy is smaller than V0 are practically fully reflected). However for
waves with suciently high energy, J 0 was shown to be positive and proportional to d.
Thus, in this case the above characteristic behaves in a proper way.
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Conclusion
So, we have presented a new variant of the packet analysis to solve the tunneling time
problem, and have proposed, on its basis, an explanation for the "paradoxes" of the wave
packet tunneling. We have shown that the "paradoxicality" of the data of the packet
analysis results from their improper interpretation. The analysis presented provides a
quantum description of the so-called completed scattering event. We have found a condi-
tion to be satised for such a scattering. It is known that after scattering the ensembles
of the transmitted and reflected particles may be regarded as statistically independent
ones, with their states being described by the transmitted and reflected packets, respec-
tively. We have shown that a similar situation takes place also for the stage preceding the
scattering event. In particular, we have found wave packets which describe at this stage
the subensembles of particles both to be transmitted and to be reflected.
According to our analysis, the quantum ensemble of scattering particles in the one-
dimensional case has the following properties.
1) Before and after scattering the number of particles in the whole quantum ensemble
equals to the sum of particle’s number in each scattering subensemble | the condition of
the statistical independence of scattering channels.
2) The number of particles in each subensemble, before and after scattering, is the same
| the "conservation law" for the number of particles for each scattering channel.
3) The mean velocities of particles in each subensemble, before and after scattering, are
the same | the "conservation law" of the (asymptotic) velocities of particles for each
scattering channel.
4) The total mean velocity of particles for the two subensembles equals, beyond the
scattering region, to the mean velocity of particles in the whole quantum ensemble | the
rule of averaging the velocity of scattering particles.
5) At t = 0, the mean positions of particles to be transmitted and to be reflected equal to
the mean position of all scattering particles | the reformulation of the initial condition
for the separate scattering channels (all particles whenever they move after the scattering
must start, on the average, from the same spatial point).
6) For the initial states Ψ0 from S1 (the set of innitely dierentiable functions which
exponentially approach zero), scattering, once having started, may nish if the eect of
scattering the transmitted and reflected packets dominates over that of broadening these
packets.
Thus, we have shown that the influence of the potential barrier on a particle is two-
fold. Firstly, the scattering center in the one-dimensional quantum scattering problem
plays the role of a lter which divides the whole quantum ensemble into two subensembles
of transmitted and reflected particles whose mean velocities beyond the scattering region
are dierent in the general case. Secondly, although the (asymptotical) mean velocities of
the transmitted particles are the same before and after the scattering, a particle’s speed
may change in the scattering region. The same takes place for reflected particles. This
eect may be considered separately for each scattering channel, and it is described in our
formalism with help of the so-called eective barrier width. It is very important that
this quantity may be introduced also for a joint description of the scattering channels.
We have used the total eective barrier width in order to determine the scattering time.
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In addition, the dierence between the eective width of the barrier and its geometrical
width may serve as a measure of the influence of the potential on a particle. The greater
this dierence (by module), the more strongly the barrier influences a particle.
By comparing the positions of the center-of-mass of packets describing the subensemble
of transmitted particles at the small and large times, we have dened the (average) delay
times for such particles. A similar way was used to introduce the delay time for reflected
particles. These times are asymptotical and accumulated while packets move in the
scattering region. The duration of this stage is given in this formalism by the scattering
time. This characteristic describes both scattering channels jointly, because particles, in
the scattering region, cannot be identied as either transmitted or reflected ones. We have
proposed two expressions for this time. One of them may be used only for the suciently
narrow wave packets in k space. This expression is very simple, but it does not describe
broadening the wave packets. Another expression which is more complicated takes into
account this eect, it is true for any packets from S1.
Note also that all three times are expressed only in terms of the averages of the position
and wave-number operators which are well dened in the TQM. In particular, the given
formalism deals with the ratio of the mean value of the position operator to that of the
wave number operator, rather than with the mean value of the ratio of these operators,
as in other approaches (e.g., see [3]).
Lastly, let us dwell on the question of a superluminal propagation of particles in the
barrier region. This eect may occur in the packet analysis not only as an artifact, that is,
as a result of a mistaken interpretation of the packet tunneling. Here we have a situation
which is similar to that taking place in non-relativistic classical mechanics. Undoubtedly,
one can nd such a potential and/or initial wave packet for which the asymptotic mean
velocity of transmitted particles may be closed to (or even exceed) the speed of light. In
these cases the scattering problem with such a potential and packet must be reconsidered
on the basis of relativistic equations.
Appendix: wave-function asymptotics in the k-repre-
sentation
So, according to our assumption, scattering has a completed character. That is, at the
initial instant of time the incident packet is located entirely to the left of the barrier.
After scattering there are two packets moving away from the barrier. They are located
in the spatial regions which are practically disjoint. The word "practically" means that
for a function Ψ0 from S1 the overlapping of these packets cannot be entirely excluded.
However, as it will be shown in this paper, there is a wide subset of states in S1, for
which this overlapping is very small at suciently large times. We will assume further
this condition to be fullled.
It is convenient to present the wave functions describing the incident packet at the









where f(k, t) 2 S1;
f(k, t) = M(k; k0) exp(iξ(k, t));
M(k; k0) and ξ(k, t) are the real functions.
In particular, for the incident packet




For the transmitted and reflected packets we have
Mtun(k; k0) =
√
T (k)Minc(k; k0); ξtun(k, t) = ξinc(k, t) + J(k)− kd; (48)
Mref (−k, k0) =
√
R(k)Minc(k; k0); ξref(−k, t) = ξinc(k, t)+2ka+J(k)−F (k)− pi
2
. (49)
In the case of the completed scattering the above packets provide the asymptotics of
a wave function. Fourier transformation (46)-(49) enables one to determine, in a simple
way, the evolution of the mean value < Q^ >, for any Hermitian operator Q^, at stages
preceding and following the scattering event. In the last case these values are found
individually for each scattering channel. For the above wave function Ψ(x, t) we have
< Q^ >=
< ΨjQ^jΨ >
< ΨjΨ > . (50)
Strictly speaking, the integration region in (50) for the incident and reflected packets is
the interval (−1, a], and for the transmitted one it is the interval [b,1). This follows from
the fact that expression (50) describes each packet only in the corresponding spatial region.
However, taking into account that the packets, as a whole, are located in the corresponding
regions, we may extend the integration in (50) onto the whole OX-axis. Due to this
step the description of these packets becomes very simple. At the same time a mistake
introduced in this case seems to be negligible: it is smaller, the further is a packet from the
barrier at the initial time. Thus, we state, in fact, that the asymptotics of a wave function
for the completed scattering (for Ψ0 2 S1) may be studied in the k-representation. Now,
making use of this representation, we can nd the main characteristics of all three packets,
which are desirable for the following.
Normalization:
Note that















For each packet we have then the following normalization. Since the particle is located





dkM2inc(k; k0) = 1. (52)





For the transmitted packet






dkT (k)M2inc(k; k0) < T (k) >inc T . (54)
For the reflected packet we have







Having made an obvious change of variables, we obtain
< f jf >ref=< R(k) >inc R. (55)
From (52) - (54) it follows that
T + R = 1.
The mean values of operators k^n (n is the positive number):
Considering (46), one can nd for all the packets that






(that is, k^ is a multiplication operator in this case). Then for any value of n we have





Now we will treat the separate packets. From (56) and (48) it follows that
< ftunjknjftun >=< fincjT (k)knjfinc > .
In the similar way we nd also that
< fref jknjfref >= (−1)n < fincjR(k)knjfinc >,
and hence
< T (k)kn >inc= T < k
n >tun, < R(k)k
n >inc= (−1)n R < kn >ref .
As a consequence, the next correlation is obviously true
< kn >inc= T < k
n >tun + R < (−k)n >ref . (57)
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The mean values of operator x^:
The expressions which are common for all three packets are as follows.







dkdk0f (k0, t)f(k, t)x exp[i(k − k0)x] (58)
Substituting −i ∂
∂k
exp(i(k − k0)x) for the expression x exp(i(k − k0)x), and integrating in
parts, we nd that




















Since the rst term here is equal to
i
2
M2(k; k0)j+1−1 = 0,
we have






 − < f j∂ξ(k, t)
∂k
jf > . (60)
For the incident and transmitted packets, taking into account expressions (47) and








< k >tun − < J 0(k) >tun +d. (62)
Since the functions J 0(k) and F 0(k) are even, from (49) it follows that
< x^ >ref= 2a+ < J
0(k)− F 0(k) >ref −ht
m
< −k >ref . (63)
Let Stun (Stun =< x^ >tun −b) be the distance between the center-of-mass of the trans-
mitted packet and the nearest boundary of the barrier at the instant t. Similarly, let Sref
(Sref = a− < x^ >ref) be the distance between the center-of-mass and the corresponding









< −k >ref − < J 0(k)− F 0(k) >ref −a. (65)
Let us dene the average distance Stun+ref(t) describing the both packets jointly:
Stun+ref(t) = TStun(t) + RSref(t).





< k >inc −b, (66)
where b = a+ < J 0(k) >inc − < R(k)F 0(k) >inc (note that < J 0(k) >inc= d, and
< F 0(k) >inc= 0 when V (x) = 0).
The mean-square deviation in x space:
Let us derive rstly the expression common for all packets. We have







dkdk0f (k0, t)f(k, t)x2 exp[i(k − k0)x].
Substituting − ∂2
∂k2
exp(i(k−k0)x) for the expression x2 exp(i(k−k0)x), and integrating
in parts, we nd



















dkM [M(ξ0)2 −M 00]− i
∫ 1
−1
dk[(M2)0ξ0 + M2ξ00] (67)
(hereinafter, where functions of two variables are written without the independent vari-
ables, the prime denotes the derivative with respect to k.) One can easily show that the








dk[M 0(k; k0)]2. (68)
Let, for any operator Q^, < (δQ^)2 > be the mean-square deviation < Q^2 > − < Q^ >2;
δQ^ = Q^− < Q^ >. Then for the operator x^ we have
< (δx^)2 >=< (ln0 M)2 > + < (δξ0)2 >; (69)
Now we are ready to determine these quantities for each packet. Using (68) and
expressions (47)-(49), one can show that for incident packet
< (δx^)2 >inc=< (ln
0 A)2 >inc +
h2t2
m2
< (δk)2 >inc (70)
(the rst term here, in accordance with the initial condition, is equal to l20); for the
transmitted packet
< (δx^)2 >tun=< (ln
0 Mtun)2 >tun + < (δJ 0)2 >tun −
−2ht
m
< (δJ 0)(δk) >tun +
h2t2
m2
< (δk)2 >tun, (71)
23
and nally, for the reflected one, we have
< (δx^)2 >ref=< (ln




< (δJ 0 − δF 0)(δk) >ref +h
2t2
m2
< (δk)2 >ref . (72)
Let us determine now the mean-square value of (δx^)2 averaged over the transmitted
and reflected packets:
< (δx^)2 >tun+ref= T < (δx^)
2 >tun + R < (δx^)
2 >ref (73)
(note that < (δx^)2 >tun+ref 6=< (δx^)2 >inc because < x^ >tun 6=< x^ >ref in the general
case.) Considering (70)- (72), we can reduce this expression to the form






< (δk)2 >tun+ref , (74)
where
l2 = T < (ln0 Mtun)2 >tun + R < (ln
0 Mref)2 >ref
+ T < (δJ 0)2 >tun + R < (δJ 0 − δF 0)2 >ref ,
χ = T < (δJ 0)(δk) >tun + R < (δJ 0 − δF 0)(δk) >ref , (75)
< (δk)2 >tun+ref= T < (δk)
2 >tun + R < (δk)
2 >ref . (76)
The rst two terms in the expression for l2 may be rewritten, using (48), (49) and the
correlation T 0 + R0 = 0, as
l2 =< (ln0 A)2 >inc −1
4
< (ln0 T )(ln0 R) >inc +
+ T < (δJ 0)2 >tun + R < (δJ 0 − δF 0)2 >ref ; (77)
the second term here is positive and not singular at the resonances and at the point k = 0.
In accordance with the initial condition the term < (ln0 A)2 >inc in (70) and (77) is equal
to l20. Thus we have that l
2 > l20. Besides, we remind that F
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Figure captions
Figure 1. The transmission coecient () as well as ratios < k >tr /k0 (solid line) and






Figure 2. The eective barrier width h

J 0i for the transmitted (solid line) and reflected
(dashed line) particles. The parameters of a barrier and particle are the same as for g.1.
Figure 3. h

J 0itr for the rectangular well:

V = −1; λ0= 5.
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